On extremal self-dual codes of length 96

Javier de la Cruz and Wolfgang Willems Otto-von-Guericke Universität, Magdeburg, Germany Universidad del Norte, Barranquilla, Colombia

Abstract We prove that the automorphism group G of a putative extremal self-dual code of length 96 is solvable of order less or equal to 160 or G is the simple group A_5 provided that elements of order 3 have no fixed points.

1 Introduction

Throughout the paper all codes are assumed to be binary and linear if not explicitly stated otherwise. Let C = C^⊥ be a binary self-dual code of length n and minimum distance d. By results of Mallows-Sloane [14] and Rains [16], we have d ≤ { 4⌊^n_{24} ⌋ + 4 if n ≢ 22 mod 24 4⌊^n_{24} ⌋ + 6 if n ≡ 22 mod 24, (1) and C is called extremal self-dual if equality holds. Extremal codes are of particular interest if 24 divides n since in that case the supports of codewords of a fixed weight form a 5-design, by a well-known result of Assmus-Mattson [1]. The parameters are given by [24m, 12m, 4m + 4] for m ∈ N.

For m = 1 there is up to equivalence exactly one such code, namely the binary extended [24, 12, 8] Golay code ([15], Theorem 5). Its automorphism group is the Mathieu group M_{24} ([13], Ch. 20, Corollary 5). For m = 2 there is again up to equivalence exactly one code, the so-called binary extended [48, 24, 12] quadratic residue code [8]. Its automorphism group is PSL(2, 23) ([11], Theorem 6). Note that in both cases the automorphism group is a simple non-abelian group.

Actually for m ≥ 3 no examples are known so far and the existence of such a code is a long standing question in coding theory [17]. In order to attack the existence problem knowledge of a possible automorphism group may be helpful.

For m = 3, i.e. a self-dual [72, 36, 16] code, it has been proved in [4] and [5] that the automorphism group has order bounded by 36. In particular, the automorphism group is solvable. If m = 4, i.e. C is a self-dual [96, 48, 20] code, then only the primes 2, 3 and 5 may divide |Aut(C)| (see [6]). Moreover, elements of order 5 have 16 or 6 fixed points, elements of order 3 have 24, 18, 6 or no fixed points. By [3], involutions are acting fixed point freely.

In this paper we show that particular types of automorphisms do not occur. Under the assumption that all elements of order 3 do not have fixed points we can restrict the order of the automorphism group. More precisely, we shall prove

Theorem Let C be an extremal self-dual code of length 96.

a) If σ is an automorphism of C of prime order p then its cycle structure is given by

p number of p-cycles number of fixed points 2 48 0 3 30, 32 6, 0 5 18 6

b) If all elements of order 3 have no fixed points then Aut(C) is solvable of order dividing 2^53 or 2^55, or Aut(C) is the simple alternating group A_5 which is the only possible automorphism group of order 60. Furthermore |Aut(C)| ≠ 20, 40.

2 Preliminaries

Let C be a binary code with an automorphism σ of odd prime order p. If σ has c cycles of length p and f fixed points we say that σ is of type p-(c; f). Without loss of generality we may assume that

σ = (1, 2, . . . , p)(p + 1, p + 2, . . . , 2p) . . . ((c − 1)p + 1, (c − 1)p + 2, . . . , cp)

Let Ω_1, Ω_2, . . . , Ω_c be the cycle sets, i.e. Ω_i = {(i − 1)p + 1, (i − 1)p + 2, . . . , ip}, and let Ω_{c+1}, Ω_{c+2}, . . . , Ω_{c+f} be the fixed points of σ. We put F_σ(C) = {v ∈ C | vσ = v}. If π : F_σ(C) → F^{c+f}_2 denotes the map defined by π(v|_{Ωi} ) = v_j for some j ∈ Ω_i and i = 1, 2, . . . , c + f then π(F_σ(C)) is a binary self-dual [c + f,^{c+f}_2 ] code (see [9], Lemma 1). Moreover, in case p ≡ 1 mod 4 the code π(F_σ(C)) is doubly-even.

Clearly, a generator matrix of π(F_σ(C)) can be written in the form

gen(π(F_σ(C))) = A O O B D E , (2)

where the matrices A and D have c columns and B resp. E have f columns, O being the appropriate size zero matrix. Let A resp. A_D be the codes of length c generated by A resp. A and D. Let B resp. B_E be the codes of length f generated by B resp. B and E.

With this notation we have

Lemma 1 ([10], Theorem 9.4.1) If k_1 = dim A and k_2 = dim B then

a) (Balance Principle) k_1 −^c_2 = k_2 −^f_2 .

b) rank D = rank E =^{c+f}_2 − k_1 − k_2.

c) A^⊥ = A_D and B^⊥ = B_E.

Lemma 2 Let C be a binary self-dual code with minimum distance d and let σ ∈ Aut(C) of type p-(c; f) where p is a prime and c = f < d. Then π(F_σ(C)) has a generator matrix of the form (I_c | E^′) where I_c is the identity matrix of size c.

Proof: We write gen(π(F_σ(C))) as in (2) and apply Lemma 1. The condition f < d forces k_2 = 0. Since c = f, the Balance Principal yields k_1 = 0 and part b) of Lemma 1 implies that D is regular. Thus D^{−1}gen(π(F_σ(C))) = (I_c | E^′)

is a generator matrix of π(F_σ(C)). �

For the rest of this paper we define S_{u,v} = |supp(u) ∩ supp(v)| for u, v ∈ F^n_2 .

Lemma 3 Let C be a binary code of length n and minimum distance d. If u ≠ v ∈ C with wt(u) = wt(v) = d then S_{u,v} ≤^d_2 .

Proof: We have d ≤ wt(u + v) = wt(u) + wt(v) − 2S_{u,v} = 2d − 2S_{u,v} from which the assertion follows. �

In order to exclude particular cycle types we need the following lemma which was brought to our attention by Stefka Bouyuklieva who did the necessary computations in connection with the computations in [2].

Lemma 4

a) There are exactly 272 inequivalent binary doubly-even [26, 4, 8] codes. Of these, 192 have dual distance 2. The other 80 codes have a zero column (hence dual distance 1) and a vector of weight 2 in its dual. For the dual distance 2 codes there are 104 different weight polynomials.

b) There are exactly 19 inequivalent binary doubly-even [26, 4, 12] codes. Of these, 15 have dual distance 2. The other 4 codes have a zero column (hence dual distance 1) and a vector of weight 2 in its dual. For the dual distance 2 codes there are 10 different weight polynomials.

3 Cycle-types of the automorphisms

Lemma 5 Let C be a self-dual [96, 48, 20] code. Then C has no automorphism of type 3-(24; 24).

Proof: Assume that σ ∈ Aut(C) is of type 3-(24; 24). We consider a generator matrix for the self-dual code π(F_σ(C)) in the form of (2). Since c = f we get k_1 = k_2, by the Balance Principle (see Lemma 1). Furthermore, B is a doubly-even [24, k_2, d^′] code with d^′ = 20 or d^′ = 24.

If k_2 ≥ 2 then obviously π(F_σ(C)) and therefore C contains a codeword of weight less or equal to 8, a contradiction. Thus k_1 = k_2 ≤ 1.

If k_2 = 0 then k_1 = 0 and by Lemma 1 b), the matrix D is regular. Thus we have gen(π(F_σ(C))) = (I_{24} | E). Let (e_i | v_i) be the i-th row of E for i = 1, . . . , 24. Since wt(π^{−1}(e_i | v_i)) = 3 + wt(v_i) ≥ 20 we get wt(v_i) = 17 or 21. If wt(v_i) = 17 and wt(v_j) = 21 for some i and j then S_{vi,vj} = | supp(v_i) ∩ supp(v_j) | ≥ 14,

and therefore wt(π^{−1}(e_i + e_j | v_i + v_j)) = 6 + wt(v_i + v_j) ≤ 16, a contradiction. If both wt(v_i) = 21 and wt(v_j) = 21 then

S_{vi,vj} = | supp(v_i) ∩ supp(v_j) | ≥ 18,

and therefore wt(π^{−1}(e_i + e_j | v_i + v_j)) = 6 + wt(v_i + v_j) ≤ 12, a contradiction again. Thus we have wt(v_i) = 17 for all i = 1, . . . , 24. Clearly, S_{vi,vj} ≥ 10 and v_i ≠ v_j for i ≠ j. On the other hand, for x = (e_i | v_i) and y = (e_j | v_j) we have S_{x,y} = S_{vi,vj} , and Lemma 3 yields S_{x,y} ≤ 10.

Consequently S_{vi,vj} = 10 for all i ≠ j with i, j ∈ {1, . . . , 24}. In particular, the vectors v_i ≠ v_j do not have a coordinate 0 simultaneously. This implies that the dimension of gen(π(F_σ(C)) is at most 3, a contradiction.

If k_2 = 1 then π(F_σ(C)) has a generator matrix of the form

a 0 . . . 0 0 . . . 0 b D E ,

where wt(b) = 20 or 24. Since C is doubly-even, wt(a) ∈ {8, 12, 16, 20, 24}. Suppose that wt(a) = 24, i.e. a is the all one vector of length 24. If 1 denotes the all one vector of length 48 we get wt(π^{−1}(a | b) + 1) ≤ 4,

a contradiction. Thus wt(a) ≤ 20. Therefore the vector a contains in at least 4 positions 0. Consequently, there are at least 4 vectors of the form z_i = (0, 0, . . . , 1, . . . , 0, 0) ∈ F^{24}_2 which are orthogonal to a. By Lemma 1 c), we obtain again z_i ∈ A^⊥ = A_D. The contradiction now follows as in case k_2 = 0. �

Lemma 6 Let C be a self-dual [96, 48, 20] code. Then C has no automorphism of type 3-(26; 18).

Proof: Let σ ∈ Aut(C) of type 3-(26; 18). We consider again a generator matrix for π(F_σ(C)) in the form of (2). Since f = 18 < 20 we obtain k_2 = 0 and the Balance Principle (see Lemma 1) implies k_1 = 4. Thus π(F_σ(C)) has a generator matrix of the form ( A 0 D E ) . Note that A is a doubly-even [26, 4, d^∗] code. The Griesmer bound shows that d^∗ < 16. Thus we have d^∗ = 8 or 12. Let d^∗ = 8. According to Lemma 4 the dual distance (d^∗)^⊥ of A is 1 or 2.

We first consider the case (d^∗)^⊥ = 1. Let a_1 ∈ A^⊥ with wt(a_1) = 1. Then there exist a vector (a_1 | b_1) ∈ π(F_σ(C)). Since wt(π^{−1}(a_1 | b_1)) = 3 + wt(b_1) ≥ 20 we get wt(b_1) = 17. But in the duals of all the 80 doubly-even [26, 4, 8] codes with dual distance 1 there are vectors of weight 2 (see Lemma 4). We choose a_2 ∈ A^⊥ of weight 2. Thus there exist a vector (a_2 | b_2) ∈ π(F_σ(C)) with wt(b_2) = 14 or 18. Consequently wt(π^{−1}(a_1 + a_2 | b_1 + b_2)) ≤ 9 + 5 < 20, a contradiction.

Now let (d^∗)^⊥ = 2 and suppose that a_1, a_2 ∈ A^⊥ with a_1 ≠ a_2 and wt(a_1) = wt(a_2) = 2. Thus there are vectors (a_i | b_i) ∈ π(F_σ(C)) with wt(b_i) = 14 or 18 for i = 1, 2. In particular wt(b_1 + b_2) ≤ 8. If wt(a_1 + a_2) = 2 then

wt(π^{−1}(a_1 + a_2 | b_1 + b_2) = 6 + wt(b_1 + b_2) ≤ 6 + 8 < 20,

a contradiction. Therefore wt(a_1 + a_2) = 4. Since

wt(π^{−1}(a_1 + a_2|b_1 + b_2) = 12 + wt(b_1 + b_2) ≥ 20

we obtain wt(b_1 + b_2) = 8 and wt(b_i) = 14. There are at most four vectors b_i which satisfy these conditions. Thus there are at most four vectors a_i ∈ A^⊥ with wt(a_i) = 2. On the other hand we have 104 different weight polynomials

∑_{26} i=0 A_iy^i for the 192 doublyeven [26, 4, 8] codes A, by Lemma 4. Looking at the weight polynomials

∑_{26} i=0 A^⊥_i y^i of all possible codes A^⊥ we found, according to MacWilliams identities, that the number of vectors in A^⊥ of weight 2 is A^⊥_2 =^1_4 (

∑_{24} i=0 (_{26−i} 2 ) A_i) − 325 > 4, a contradiction. In case d^∗ = 12 the proof runs similarly. �

Lemma 7 Let C be a self-dual [96, 48, 20] code. Then C has no automorphism of type 5-(16; 16).

Proof: Since p = 5 ≡ 1 mod 4 the space (π(F_σ(C)) is a doubly-even self-dual [32, 16, d_π] code, by ([9], Lemma 1). Furthermore c = f = 16 < d = 20. According to Lemma 2 we can take a generator matrix of (π(F_σ(C)) of the form gen(π(F_σ(C))) = (I_{16} | E^′). If x = (1 0 0 . . . 0 | x^′) and y = (0 1 0 . . . 0 | y^′) denotes the first resp. the second row of (I_{16} | E^′) then

wt(π^{−1}(x)) = wt(π^{−1}((1 0 0 . . . 0 | x^′)) = 5 + wt(x^′) ≥ 20.

Therefore 15 ≤ wt(x^′) ≤ 16. Since C is doubly-even we have wt(x^′) = 15. Similarly wt(y^′) = 15. This implies that wt(x^′ + y^′) ≤ 2. Hence

wt(π^{−1}(x + y)) = wt(π^{−1}(1 1 0 . . . 0 | x^′ + y^′)) = 10 + wt(x^′ + y^′) ≤ 12,

a contradiction. �

In conclusion we have shown in this section that an automorphism of odd prime order of an extremal self-dual code of length 96 can only have the following cycle structures: 5-(18; 6), 3-(32; 0) or 3-(30; 6). Since involutions are acting fixed point freely by [3], the proof of part a) of the Theorem is complete.

4 The automorphism group

Let G = Aut(C) where C is a binary self-dual [96, 48, 20] code. By [6], we know that |G| = 2^a3^b5^c with a, b, c ∈ N_0. According to the assumption in Theorem b) we assume from now on that elements of order 3 do act fixed point freely on the 96 coordinates. For some elementary facts from group theory like Sylow’s Theorem we refer the reader to the textbook [12].

Lemma 8 The order of G divides 2^a3^b5^c where a ∈ {0, 1, . . . , 5} and b, c ∈ {0, 1}.

Proof: Clearly, a Sylow 2-subgroup acts regularly, i.e. without fixed points, on the 96 coordinates since involutions have no fixed points. This implies a ≤ 5.

Since, by assumption, elements of order 3 have no fixed points a Sylow 3-subgroup acts regularly as well which implies b ≤ 1.

In order to prove that c ≤ 1 we may assume that 5 | |G| = 2^a3^b5^c. To compute the number t of orbits of the action of G on the 96 coordinates of C we use the Cauchy- Frobenius Lemma (see [12], 1A.6 on p 6) which says that t = 1 |G| ∑ g∈G Fix(g)

where Fix(g) denotes the number of coordinates which are fixed under the action of g. Applying part a) of the Theorem which we have proved in the previous section and using the assumption that elements of order 3 have no fixed points we see that apart from the identity only elements of order 5 have fixed points, namely 6. Thus t = 1 2^a3^b5^c

(96 + ∑ ord(g)=5

6) = 1 2^a3^b5^c

(6 · 16 + 6y) where y ∈ N_0. If G_5 = {g ∈ G | g^5 = 1} and |G|_5 = 5^c then 5^c = |G|_5 divides |G_5| = y + 1, by ([7], Remark 15.10). Therefore y + 1 = 5^cz with z ∈ N_0. It follows t = 1 2^a3^b5^c

6(15 + (y + 1)) = 1 2^a3^b5^c

6(15 + 5^cz),

hence 2^a3^b5^c · t = 6(15 + 5^cz) from which we deduce c ≤ 1. �

Lemma 9 If 15 | |G| then |G| ≤ 60. In particular, A_5 is the only non-solvable automorphism group which may occur.

Proof: Let T be a Sylow 5-subgroup of G. Clearly 3 ∤ |N_G(T )| since there are no elements of order 15. Thus

|G : N_G(T )| =

2^a · 3 · 5 2^x · 5

= 2^{a−x} · 3 ≡ 1 mod 5,

by ([12], Corollary 1.17). The only possibilities for (a, x) are

(2, 1), (3, 2), (4, 3), (5, 4), (5, 0).

In last case we have |G| = 240 and exactly 96 Sylow 5-subgroups. Thus for the number orbits we get is t = 1 480 (96 + 96 · 4 · 6) = 5.

This contradicts the fact that the Sylow 2-subgroup has orbits of length 2^a = 32. In all other cases the number of Sylow 5-subgroups is 6 and therefore the number of orbits t = 1 2^a · 3 · 5

(96 + 6 · 4 · 6) =

2^4 2^a . Since t ∈ N we have a ≤ 4. If a = 4 then t = 1 and a contradiction follows again since 96 ∤ |G| = 240. In case a = 3 we have t = 2. This can also not happen since the orbits of G have size 24. �

The next two Lemmata complete the proof of the Theorem.

Lemma 10 If 15 | |G| then G = A_5.

Proof: By Lemma 8 and 9, we have |G| = 2^a · 3 · 5 with a ≤ 2. Note that G does not have elements of order 15 since such elements can not have fixed points. In particular |G| ≠ 15. If |G| = 30 then a Sylow 5-subgroup is normal in G, by ([12], 1E.2 p. 38). Hence a 3-element centralizes a 5-element and we get again an element of order 15 which does not exist. Suppose that |G| = 60 and solvable. If G has a normal subgroup N of order 3 or 5 we find again an element of order 15, a contradiction. If |N| = 4 then there exists a 2-complement by Hall’s Theorem (see [12], Theorem 3.13) which is a group of order 15 and we are done again. Thus |N| = 2. Since N is in the center of G we see that G contains a normal subgroup of order 3 or 5 which completes the proof. �

Lemma 11 |G| ≠ 20, 40.

Proof: If |G| = 20 then a Sylow 5-subgroup is normal since the number of Sylow 5- subgroups is congruent 1 mod 5. Thus, for the number of orbits we get t = 1 20 (96 + 6 · 4) = 6.

Clearly, the orbits have size 20 or 4. But 20m + 4n = 96 and m + n = 6 has no solution in N_0.

In case |G| = 40 the Sylow 5-subgroup is again normal, by the same argument as above. Thus the number of orbits is given by t = 1 40 (96 + 6 · 4) = 3.

Now the orbits have size 40 or 8. Since 40m + 8n = 96 and m + n = 3 has now solution in N_0 the group G can not exist as automorphism group of C. �

References

[1] E.F. Assmus, Jr. and H.F. Mattson Jr., New 5-designs. J. Combin. Theory 6 (1969), 122-151.

[2] I. Bouyukliev, S. Bouyuklieva, T.A. Gulliver and P. Östergåd, Classification of optimal binary self-orthogonal codes. J. Comb. Math. and Comb. Compt. 59 (2006), 33-87.

[3] S. Bouyuklieva, On the automorphisms of order 2 with fixed points for the extremal self-dual codes of length 24m. Des. Codes and Crypt. 25 (2002), 5-13.

[4] S. Bouyuklieva, E.A. O’Brien and W. Willems, The automorphism group of a binary self-dual doubly-even [72, 36, 16] code is solvable. IEEE Trans. Inform. Theory 52 (2006), 4244-4248.

[5] E.A. O’Brien and W. Willems, On the automorphism group of a binary self-dual doubly-even [72,36,16] code. To appear IEEE Trans. Inform. Theory.

[6] R. Dontcheva, On the doubly-even self-dual codes of length 96. IEEE Trans. Inform.

Theory 48 (2002), 557-560.

[7] R. Gow, B. Huppert, R. Knörr, O. Manz and W. Willems. Representation theory in arbitrary characteristic. Casa Editrice Dott. Antonio Milani, Padua 1993.

[8] S.K. Houghten, C.W.H. Lam, L.H. Thiel and J.A. Parker, The extended quadratic residue code is the only (48, 24, 12) self-dual doubly-even code. IEEE Trans. Inform. Theory 48 (2002), 53-59.

[9] W.C. Huffman, Automorphisms of codes with application to extremal doubly-even codes of lenght 48. IEEE Trans. Inform. Theory 28 (1982), 511-521.

[10] W.C. Huffman and V. Pless, Fundamentals of Error-Correcting Codes. Cambridge University Press, Cambridge 2003.

[11] J.S. Leon, V. Pless and N.J.A. Sloane, Duadic codes. IEEE Trans. Inform. Theory 30 (1984), 709-714.

[12] I.M. Isaacs, Finite group theory. Graduate Studies in Math, Vol. 92, AMS, Providence 2008.

[13] J. MacWilliams and N.J.A. Sloane, The Theory of Error-Correcting Codes. North- Holland, Amsterdam 1977.

[14] C.L. Mallows and N.J.A. Sloane, An upper bound for self-dual codes. Inform. and Control 22 (1973), 188-200.

[15] V. Pless, On the uniqueness of the Golay codes. J. Comb. Theory 5 (1968), 215-228.

[16] E.M. Rains, Shadow bounds for self-dual-codes. IEEE Trans. Inform. Theory 44 (1998), 134-139.

[17] N.J.A. Sloane, Is there a [72, 36], d = 16 self-dual code? IEEE Trans. Inform. Theory 19 (1973), 251.